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Abstract
Electrodialysis (ED) is a desalination technology with many applications. In order to better understand how
the energetic performance of this technology can be improved, the various losses in the system should be
quantified and characterized. This can be done by looking at the entropy generation in ED systems. In this
paper, we implement an ED model based on the Maxwell-Stefan transport model, which is the closest model
to fundamental equations. We study the sources of entropy generation at different salinities, and locate areas
where possible improvements need to be made under different operating conditions. In addition, we study
the effect of the channel height, membrane thickness, and cell-pair voltage on the specific rate of entropy
generation. We express the second-law efficiency of ED as the product of current and voltage utilization rates,
and study its variation with current density. Further, we define the useful voltage that is used beneficially for
separation. We derive the rate of entropy generation that is due to the passage of ions through a voltage drop,
and we investigate whether voltage drops themselves can provide a good estimate of entropy generation.
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Nomenclature
Acronyms
AEM anion-exchange membrane
CEM cation-exchange membrane
MS Maxwell-Stefan
Symbols
A area [m2]
a activity [-]
c concentration [mol/m3]
D diffusion coefficient of salt [m2/s]
Ðij Maxwell-Stefan diffusion coefficient for species i and j [m2/s]
F Faraday constant, 96,487 [C/mol]
f friction factor [-]
h channel height [m]
i current density [A/m2]
ilim limiting current density [A/m2]
J flux [mol/m2-s]
Kij friction coefficient for interaction of species i and j, J.s/m5
Ls salt permeability [m/s]
M molar mass [g/mol]
m molality [mol/kg]
N number of moles [mol]
P absolute pressure [Pa]
Q volumetric flow rate [m3/s]
R universal gas constant, 8.314 [J/mol-K]
Re Reynolds number [-]
rCP total cell-pair resistance [Ωm2]
S salinity [g/kg]
S entropy [J/K]
S˙gen entropy generation rate [W/K]
s˙
′′′
gen volumetric rate of entropy generation [W/m3-K]
s˙
′′
gen entropy generation rate per unit area [W/m2-K]
Sc Schmidt number [-]
Sh Sherwood number [-]
T absolute temperature [K]
t time [s]
ts effective transport number [-]
U internal energy [J]
V voltage [V]
v velocity [m/s]
W˙ work input [W]
x spacial coordinate [m]
2
z charge number
Greek
∆ difference or change
∇ gradient
ε spacer volume fraction [-]
Φ electric potential [V]
γ± mean molal activity coefficient [-]
µ dynamic viscosity [Pa s]
µi electrochemical potential of ion i [J/mol]
µs chemical potential of the salt [J/mol]
µw chemical potential of water [J/mol]
µθ chemical potential at the reference state [J/mol]
ξi current utilization rate [-]
ξV voltage utilization rate [-]
ρ density [kg/m3]
Subscripts
C concentrate
co co-ion
cou counter-ion
CP cell-pair
D diluate
i ion i
m membrane / at membrane interface
s salt
w water
Superscripts
m in membrane
s in solution
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1. Introduction
Electrodialysis (ED) is a desalination technology that takes in a work input in the form of an electric
current that flows between two electrodes. These two electrodes are separated by fluid channels, which are
bounded by cation-exchange and anion-exchange membranes placed in alternating order, as shown in Fig. 1.
A cation-exchange membrane (CEM) preferentially lets cations through, and an anion-exchange membrane
(AEM) preferentially lets anions through. This configuration, along with the applied voltage, results in the
stream flowing in half of the channels becoming more dilute and the stream in the other half becoming more
concentrated. The diluate and concentrate streams leave the ED stack in alternating order.
Anode Cathode+ -+
+ +- -
- -
Anion
exchange
membrane
Cation
exchange
membrane
Feed
Concentrate ConcentrateDiluate
+
Fig. 1: Schematic diagram representing the operating principle of electrodialysis.
ED has many applications in the food and beverage industry. Some of the products manufactured using
ED include dairy goods, wine, fruit juice, and sugar [1]. ED is widely used for the desalination of brackish
water [2, 3], and has been shown to be suitable for the concentration of high-salinity feeds in the production
of salt [3, 4].
Although ED has been in the market for decades, few studies have examined the thermodynamics of
ED systems. McGovern et al. [5] defined thermodynamic metrics for efficiency and productivity, and they
studied the local cost of desalination for different applications. Koter [6] studied the effect of channel height,
diffusion layer thickness, membrane transport number, diluate salinity, and current density on the current
efficiency and energy efficiency of the ED system.
Evaluating the thermodynamics of ED system, especially the causes of irreversibility (or entropy gener-
ation), is essential to improving the energy efficiency of these systems. Entropy generation analysis can be
thought of as a diagnosis of the system. It locates and quantifies the losses in the system under different
operating conditions. This identifies the major sources of losses that should be tackled in order to improve
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the energy efficiency of the system. This analysis also determines which part of the electrical work input is
used beneficially (i.e., for the purpose of separation) and which part is simply dissipated and why. Reducing
the entropy generation in a system results in a direct reduction in its energy consumption as seen in the
following equation, which is derived in detail in Appendix A:
W˙ = W˙least + T S˙gen (1)
where W˙ is the work input into the system, W˙least is the least work of separation, T is the temperature of
the system, and S˙gen is the rate of entropy generation.
In this paper, we study the sources of entropy generation in an ED system, and we look at how the
magnitudes of these losses vary at different operating conditions. This analysis guides the improvement
of the technology at different salinities. In addition, we look at possible improvements to the system by
studying the effect of channel height and membrane thickness. We study the effect of the cell pair voltage
on the entropy generation in the system. Also, we define a useful voltage (that which contributes to ion
separation) and compare voltage drops to entropy generation in order to determine whether voltage drops
can be used to estimate the system losses.
2. Existing electrodialysis models
Several approaches to modeling electrodialysis can be found in the literature. Lee et al. [7] and Tsiakis
and Papageorgiou [8] make several assumptions that are only valid for brackish water desalination, and model
a complete electrodialysis desalination plant without examining the details of ion transport. The simplifying
assumptions used in these papers are not valid when modeling the desalination of high-salinity feeds.
Fidaleo and Moresi [9] use a model based on the Nernst-Planck equations. This approach inherently
assumes an ideal solution, which is not valid at high salinity. In addition, the model neglects kinetic coupling
between the different components in the solution. The authors, however, manage to model the operation of
ED up to a salinity of around 90 g/kg. They accomplish this by defining a water transport number that
estimates the kinetic coupling between water and salt, and they empirically fit several membrane parameters
in the range of the desired operation.
McGovern et al. [10] use the same approach and manage to model a multi-stage ED system operating in
batch mode. The membrane parameters are empirically fitted at different salinities so that the model can
predict the performance in a wide salinity range, reaching 192 g/kg.
Ortiz et al. [11] use a similar approach to model a single-stage batch ED system used in treating brackish
water. The main idea behind these models [9–11] is that the flux of salt through the membranes can be
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divided into two parts: migration, which is proportional to the applied current density, and diffusion, which
is proportional to the concentration difference across the membrane. Similarly, the water flux is assumed to
be a result of migration, where water is dragged by the moving ions, and osmosis, which is proportional to
the difference in osmotic pressure across the membrane.
Tedesco et al. [12, 13] extend the Nernst-Planck equation to the membrane, and model the water transport
through the membrane using the Maxwell-Stefan equation.
Kraaijeveld et al. [14] use a Maxwell-Stefan-based approach to model the use of ED in the desalination of a
solution of NaCl-HCl, and Pintauro and Bennion [15] measure the Maxwell-Stefan (MS) diffusion coefficients
of NaCl in a Nafion membrane. The MS model is the most accurate model for concentrated solutions in the
presence of electrostatic forces [16, 17]. Unlike the Nernst-Planck model, the MS model does not assume
the solution is ideal. In addition, the Maxwell-Stefan-based model captures electro-osmosis through the
membrane naturally through kinetic coupling, whereas the Nernst-Planck-based model requires a separate
fitting parameter in the form of a water transport number to capture that effect. In addition, the MS equation
is the more general expression, and simplifies to the Nernst-Planck equation if we neglect kinetic coupling by
limiting the forces felt by each species to those exerted by the solvent, and if, in addition, we assume that
the solution is ideal.
From a different perspective, the MS equation writes the expression for flux in a fashion consistent with
the theory of irreversible thermodynamics. The phenomenological coefficients in irreversible thermodynamics
and the MS diffusion coefficients can in fact be theoretically related to one another [17–19]. It has been shown,
however, that the MS coefficients are less dependent on composition (total dissolved solids, as well as the
different ions present) than are the phenomenological coefficients [20].
According to Fidaleo and Moresi [9], the Nernst-Planck-based model is more appropriate to model the
performance of a specific system given that the fitting parameters are easier to measure. However, given that
the goal of the present paper is the thermodynamic analysis of ED, we will use the MS model because it is
closer to fundamental equations and better captures the true driving forces. That said, the results presented
in this paper have been qualitatively replicated by the present authors using the Nernst-Planck-based model,
and are not specific to the MS model.
3. Modeling
As explained in the previous section, the model that is the closest to the fundamentals, and that is valid
at high salinities, is that based on the MS equations as reported by Kraaijeveld et al. [14]. In this section,
we present the major components of the model that will be used in the proposed research. In this paper,
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the change in salinity along an ED stack is not modeled, and the focus is on the local level, which can be
modeled at a single location with one pair of salinities.
3.1. Hydrodynamics
An ideal ED model would accurately model the fluid dynamics inside the channels. In other words, the
ideal model would solve the Navier-Stokes equations coupled with the salt transport equations and Poisson’s
equation. However, this set of equations is very complex and requires a numerical solution, which would
limit the scope of the simulation to a small section of the channel without any regard to what is happening
at the level of the complete system; this also makes it very difficult to model the fluxes with the appropriate
boundary conditions across the membranes. The major effect of fluid flow on the performance of ED is that
it enhances the mass transfer by making the boundary layer thinner. This effect can be captured by using
the stagnant film theory as is commonly used in modeling ED [9–11, 14]. This model assumes that the fluid
inside the channel is very well mixed, except for a thin boundary layer of thickness δ that is adjacent to each
membrane, where
δ =
2h
Sh
(2)
and the Sherwood number, Sh, is the dimensionless number representing the mass transfer coefficient. Previ-
ous attempts of empirically measuring the Sherwood number can be found in the literature [21, 22]. In this
paper, we will use the correlation developed by Kuroda et al [23]:
Sh = 0.25 Re
1
2 Sc
1
3 (3)
Figure 2 shows the boundary later thickness, δ, and the channel height, h.
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Fig. 2: Schematic diagram showing the boundary layer thickness, δ, and the channel height, h.
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3.2. Transport inside the diffusion film
Each Maxwell-Stefan equation can be thought of as a force balance, where the driving force on a species
is equal to the friction forces exerted on this species by the other species present inside the solution:
− ci
RT
∇µi = 1
RT
n∑
j=1
Kij (vi − vj) =
n∑
j=1
cicj
ctotÐij
(vi − vj) (4)
where Ðij are the MS diffusion coefficients, defined according to the above equation. Kij is a friction factor,
vi is the velocity of species i, averaged over all the particles of the same species, and µi is the electrochemical
potential of species i:
µi = RT ln ai + ziFΦ + µ
θ
i (5)
where ai is the activity of species i, Φ is the electric potential, and µθi is the chemical potential at the reference
state. We can replace the velocity by the mole flux of the species, Ji = civi, and rearrange the MS equation:
− ci∇ ln ai − ziciF
RT
∇Φ =
n∑
j=1
cjJi − ciJj
ctotÐij
(6)
For a system of n species, we have n − 1 independent MS equations, as the MS equation of the nth species
can be obtained from the first n − 1 MS equations using the Gibbs-Duhem equation, and is therefore not
independent.
In describing the electric potential profile, the more fundamental equation linking the electric potential
to the charges of the ions is Poisson’s equation. In the regions where the Laplacian of the electric potential,
∇2Φ, is not great, this equation reduces to the electroneutrality equation:
∑
i
zici = 0 (7)
The only region where this condition fails is in the electric double layer, which occurs at the interface between
the solution and the membrane and has a thickness between 1 and 10 nm [17]. However, we can consider the
electric double layer as part of the interface and treat it separately from the solution where we can use the
electroneutrality equation. A thorough discussion on the validity of the electroneutrality equation is given
by Newman and Thomas-Alyea [17].
3.3. Transport through the membranes
At the membrane-solution interface, we assume that each species that is present in the two media is at
thermodynamic equilibrium. In addition, we use the activity coefficients of the species inside the membranes
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as measured by Kraaijeveld et al. [14] to determine the concentrations of the ions at the membrane surface.
The equations describing this equilibrium are presented in Appendix B.
The MS equations are also used to model the salt and water transport through the membranes. One
difference between the equations used inside the membrane and those used in the diffusion film is that the
fixed charge of the membrane is added as a new species. In addition, the diffusion coefficients are different
inside the membrane. Also, the membrane velocity (or flux) is set to 0 because the membrane is stationary [14].
Given that we do not have the activities of the different species inside the membrane away from the surface,
we can apply the MS equations by treating the membrane as one finite element and taking the differences
between the two sides of the membrane where the properties are known. In addition, we can use average
values of the concentrations at the two surfaces of the membrane to approximate the concentration at the
center of the membrane. At steady state, the fluxes of salt and water through the membrane are equal to
those in the adjacent diffusion layers. We assume that heat is dissipated fast enough to keep the systems
studied at a constant temperature, T .
3.4. Electric potential profile
The voltage of the cell pair is equal to the sum of all the voltage drops in the cell pair
VCP = (rbulk,C + rbulk,D) i+ ∆ΦCEM + ∆ΦAEM + Σ
4
j=1∆Φfilm,j (8)
where i is the current density, and rbulk,C and rbulk,D are the bulk resistances in the concentrate and diluate
channels, respectively, and are calculated from experimental data on conductivity [24–26]. The electric
potential drops in the membranes, ∆ΦCEM and ∆ΦAEM, and in each of the four films, ∆Φfilm,j, are calculated
using the MS equations described above. We note that the Donnan potential drops are included in the
membrane potential drops given that we treat the interface a part of the membrane.
The solution procedure used to solve the equations in the model is presented in Appendix B. The system
characteristics used in the modeling are presented in Appendix C, and a discussion on the use of sodium
chloride as the electrolyte is presented in Appendix D. Finally, the numerical model is validated against
experimental results from the literature in Appendix E.
4. Calculating entropy generation
The volumetric rate of entropy generation from transport can be written as
s˙
′′′
gen =
∑
k
∇Fk · Jk (9)
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Table 1: The driving forces for different extensive properties, where Fk is defined by Eq. 11.
Extensive property, Xk Driving force, ∇Fk
Internal energy, U ∇
(
1
T
)
Volume, V– ∇
(
P
T
)
Number of moles of species j, Nj ∇
(−µj
T
)
where Jk is the flux of the extensive property, Xk:
Jk ≡ 1
A
dXk
dt
(10)
where A is area, and t is time. ∇Fk is the driving force associated with Xk (also called affinity, conjugate
force, or generalized force), and Fk is defined as
Fk =
∂S
∂Xk
(11)
where S is the total entropy. The driving forces for different extensive properties are shown in Table 1. These
equations can be derived from first principles as shown by Callen [27] and Bejan [28].
The volumetric rate of entropy generation due to diffusion then is
s˙
′′′
gen =
∑
k
∇
(−µk
T
)
· Jk (12)
and the volumetric rate of entropy generation due to fluid flow is
s˙
′′′
gen = −
Q
A
· ∇P
T
(13)
The expression for the total entropy generation rate of the entire channel was expressed by Bejan [29] as:
S˙gen =
Q∆P
T
(14)
where Q is the volumetric flow rate, ∆P is a positive pressure drop, and T is the temperature. The calculation
of the pressure drop is shown in Appendix F.
10
5. Sources of entropy generation in electrodialysis
In this section, we study the different sources of entropy generation in ED and we look at how the
contribution of each source varies with the salinities of the concentrate and diluate channels. Total entropy
generation is divided by location: CEM and AEM membranes, concentrate and diluate channels, and the
diffusion films between each membrane and the bulk of the channel. In order to be able to compare the
operation of ED under different salinities, we fixed the value of the electric current to 75 A/m2, which was
below the limiting current at the lowest concentration studied. The current was fixed instead of the voltage
because losses in an electric system are mostly rate dependent, and, therefore, a fixed current would result
in a better comparison.
Given that salinity varies along the length of an ED stack, the effect of a salinity pair can only be isolated
by studying the entropy generation rate locally. At given concentrate and diluate salinities, channel height,
and membrane characteristics, the entropy generation rate can be calculated locally on a per unit area basis
without the need to specify the length of the system or update the salinities using a mass balance.
5.1. Effect of salinity on the spatial distribution of entropy generation
In an ED cell pair, the concentrate and the diluate have different salinities at most locations. To simplify
the presentation of results, only three concentrate-to-diluate salinity ratios are presented: 1, 2, and 3. At
a salinity ratio of 1, both salinities are set to the same value and are varied from 2 g/kg to 150 g/kg. The
division of the entropy generation between the different sources is presented in Fig. 3. At low salinities, most
of the entropy is generated in the fluid channels as a result of the high electric resistivity of low-salinity
solutions. This phenomenon is well understood in ED, and possible solutions, such as the use of conductive
spacers [30, 31], have been proposed. At higher salinities, the resistivity of the solutions decreases and the
membranes become the dominant sources of entropy generation. In fact, the entropy generation rate inside
the membranes is a weak function of salinity, and salinity affects the distribution of entropy generation by
changing the resistivity of the solutions.
We can conclude from this graph that the design of channels and spacers is very important at low salinity
but not as important at high salinity. For example, at 100 g/kg, around 80% of the losses occur in the
membranes which means that targeting the channels can at most decrease the losses by 20%. In reality,
the improvement will be much less than the full reversible (lossless) limit, which means that any significant
improvement of the energetic performance of a high-salinity system has to be directed at the membranes.
Similarly, any significant improvement at low salinity has to be directed at the fluid channels. The dashed
line at 21 g/kg indicates the salinity at which the major source of entropy generation switches from the
11
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Fig. 3: The division of the entropy generation by source at different salinities. h = 1 mm in both channels, and Sh = 18.
SC = SD.
channels to the membranes. This specific salinity is only valid for this particular system, but can provide a
general estimate to what is meant by low salinity and high salinity.
Figure 4 shows the division of the entropy generation by source for: a) a concentrate-to-diluate salinity
ratio of 2; and b) a ratio of 3. As was the case for a salinity ratio of 1, the fluid channels are the dominant source
of losses at low salinity, and the membranes dominate at high salinity. There two main differences between
the results presented in Fig. 4 and those presented in Fig. 3. The first is that the diluate channel generates
more entropy than the concentrate channel, which is expected given the difference in their concentrations.
The second is that more entropy is generated in the membranes than for the case with equal concentrations.
This is because the higher salinity difference results in more osmosis and diffusion. This last point can be
seen by comparing the fraction of entropy that is generated in the diluate channel for a ratio of 2 and a ratio
of 3. It can be seen that, at the same diluate salinity, the diluate channel constitutes a bigger portion of the
total entropy generation at the lower salinity ratio, and the membranes generate more entropy for the higher
concentrate-to-diluate salinity ratio.
5.2. Viscous losses in electrodialysis
The previous section was limited to study of entropy generation due to transport in the direction through
the membranes. If the goal is to improve the energetic performance of the entire system by tackling only
these sources, entropy generation due to lateral transport has to be the dominant fraction of the total entropy
generation. Figure 5 shows that, at current densities used in most practical applications, most of the entropy
generation is indeed due to transport, and not to viscous effects. The fraction of losses due to viscous effects
12
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Fig. 4: The division of the entropy generation by source at different salinities. h = 1 mm in both channels, and Sh = 18. a)
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becomes very small at high currents, which means that significant energetic improvements can be made by
focusing on reducing the losses due to transport. For these results, the velocity was set to 10 cm/s, and
the channel height was set to 1 mm, which are typical values for ED systems. In addition, entrance effects
were neglected to enable a location-independent study of viscous losses. This is an acceptable approximation
given that the correlations used are for channels with spacers, and that a typical ED stack length is much
larger than the channel height. Further, looking at the rate of entropy generation per unit area enables the
calculation of local viscous losses without the need to integrate over a stack length. We note here that these
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results show the entropy generation due to viscous effects inside the stack. In reality, more losses also occur
inside the pump, manifolding, and the piping. An inefficient pump would obviously increase the importance
of hydraulic losses.
The choice of velocity affects the viscous losses much more than it affects the transport losses. The
chosen velocity of 10 cm/s in Fig. 5 is on the higher end of typical ED velocities, and the conclusion that
transport losses dominate is not affected by going to slightly higher velocities. Decreasing the channel height
decreases the transport losses and increases the viscous losses, thereby decreasing the fraction of the total
entropy generation that is due to transport. Given that high-salinity systems are operated at high current
densities, the only situation in Fig. 5 for which viscous losses are significant is at low salinity. However, at
low salinities, the decrease in channel height results in an increase in the limiting current density, and higher
current densities counter viscous losses. This is how brackish water ED systems are operated.
5.3. Effect of channel height
In an ED cell pair treating low-salinity water, most of the losses occur in the fluid channel. The area
resistance of the fluid channel is the product of the resistivity of the solution and the channel height. Given
that the concentration of the fluid in the channel is set by the application, we can only vary the channel
height to reduce the resistance. Figure 6 shows the effect of the channel height on the entropy generation
normalized per mole of salt removed. The system simulated has a concentrate salinity, SC, equal to 2 g/kg
and a diluate salinity, SD equal to 1 g/kg. The volumetric flow rate of the system is kept constant to keep the
capital costs of the different systems constant (i.e., the same membrane area per unit feed), which means that
the product of bulk velocity and channel height is kept constant. The velocity is set to the typical value of 10
cm/s at the typical channel height of 1 mm. The total entropy generated is divided into entropy generated
through mass transport (in the direction through the membrane) and entropy generated through viscous losses
(fluid flow along the membrane). The entropy generation due to transport increases linearly with increasing
channel height, due to the increased channel resistance, and the entropy generation due to viscous effects
decreases quadratically with increasing channel height, as can be shown from the equations in Appendix F.
The two opposing effects result in the total specific entropy generation having a clear minimum. The numbers
presented in this graph are dependent on the system modeled, but this result frames the design of the optimal
channel height as a balance between electric resistance and pumping power. At low salinity, the balance is
delicate, as seen in Fig. 6. At high salinity, given the low resistivity of the channels, the viscous losses are
important and a higher channel height is preferred. In real system design, the objective function will be the
total power consumption, which is the sum of the power consumed by the ED stack to desalinate and the
pumping power. Inefficient pumps and highly saline solutions push the optimal design to wider channels.
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5.4. Effect of membrane thickness
At high salinity, most of the losses occur inside the membranes. Just like the channel height, we can
think of the membrane electric resistance as being proportional to the membrane thickness. Figure 7 shows
the variation of specific entropy generation with the membrane thickness for two systems: one with a small
difference in salinity and the other with a large difference. For the system at low salinity difference, decreasing
the membrane thickness decreases the total entropy generated in the system. This is not the case at the
high salinity difference, where decreasing the membrane thickness results in a significant increase in entropy
generation. The high salinity difference results in high driving forces for osmosis and diffusion across the
membranes. This is shown in Fig. 8, where membrane thickness does not have a strong effect on the salt
and water fluxes for the system at the low salinity difference. As for the system with the higher salinity
difference, decreasing the membrane thickness from 1 mm to 0.35 mm increases the water flux by around
50% and greatly decreases the salt flux.
The conclusion from this result is that a thinner membrane thickness is beneficial only if the salinity
difference is kept low or if the water permeability is greatly decreased. Although a thin membrane reduces
the electric resistance, it also reduces the resistance to mass transport through diffusion and osmosis. These
effects only become significant when the driving forces are high enough. At low salinity difference, energetic
considerations motivate a thinner membrane, and the optimal membrane thickness is then determined by
how thin the membrane can be while still remaining robust and tolerating cleaning.
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6. Minimizing entropy generation in ED
In this section, we study the effect of the cell pair voltage on the entropy generation in the ED system.
The required energy input is minimized when the entropy generation in the system is minimized, and more
of the work input goes into achieving the goal of ED, which is the transfer of salt from the diluate channel
to the concentrate channel.
6.1. Can the process be reversible?
Figure 9 shows that the total entropy generation rate due to transport is minimized when the two ionic
fluxes through the membrane are equal, or, in other words, when there is no electric current. Even though
the minimum total flux (in absolute value) occurs at around 0.055 V, entropy is still generated in the two
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channels because of the passage of current. An interesting trend that is apparent from this figure is that
the applied voltage can never result in both ionic fluxes being 0. The applied voltage can set the flux of the
counter-ion to 0 because it acts in the direction opposite to the chemical potential driving force, such that
the net driving force for the counter-ion can be set to 0. The applied voltage, however, cannot set the flux of
the co-ion to 0. In the CEM modeled here, diffusion will cause the co-ion to flow in the negative direction,
and the applied voltage will also drive the co-ion in that direction. Similarly, the applied voltage can never
block osmosis because the voltage actually results in an electro-osmotic water flow in the same direction as
that of osmosis. Therefore, we can conclude that an ED stack with different concentrations in the diluate and
concentrate channels cannot result in a reversible process at any applied voltage because there will always
be fluxes of ions and water which cannot be stopped by the applied voltage. The only reversible systems
would be either one with equal diluate and concentrate concentrations or one using perfectly perm-selective
membranes (which do not allow the passage of co-ions) which also blocked the passage of water molecules,
with the applied voltage in both systems set such that the flux of the counter-ion is infinitely small1.
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Fig. 9: The effect of cell pair voltage on the ionic fluxes and transport entropy generation in an ED cell pair. SD = 100 g/kg
and SC = 200 g/kg.
6.2. How should the voltage be set?
Figure 10 shows the variation of specific entropy generation with cell pair voltage. Focusing first on the
entropy generation due to diffusion and migration, we see that it is minimized at a voltage close to that which
results in no electric current flow. The results reported in the figure start at the lowest voltage which results
1The applied voltage that results in no current flow is that equal and opposite to that faced by the membrane due to being
subject to different activities. For a single membrane, this voltage can be supplied by reversible electrodes placed in the solutions
adjacent to the membrane. The potential difference between the two electrodes is only due to the difference in the activities of
the solutions and will be equal and opposite to that of the membrane, resulting in no net potential drop.
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in a positive salt flux, and the reason for the apparent singularity at low cell-pair voltage is that the initial
salt flux is very small. This initial decrease of specific entropy generation due to diffusion and migration can
also be explained by looking at the efficiency of the system, which will be done in Section 7. This figure
shows that from an energetic perspective, the ED stack should be operated at the voltage that is just large
enough to overcome the electric potential generated by having different concentrations in the two channels.
An explicit expression for this voltage is derived in Section 7.
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Fig. 10: The effect of of voltage of the specific entropy generation in an ED cell pair. SD = 35 g/kg and SC = 40 g/kg.
Figure 10 also shows the variation of the specific entropy generation due to viscous effects. The velocity
and stack geometry are not varied, therefore the total viscous losses are constant. The decreasing specific rate
of viscous entropy generation is due to the increasing salt flux with increasing voltage. This shows that even
though the energy input to the stack is minimized when the current is zero, the pumping power still needs to
be considered. The figure shows an optimal operating voltage specific to this case, but the competing effects
of voltage on transport losses and viscous losses are general: for each case, there exists a cell pair voltage
that minimizes the total specific rate of entropy generation.
In addition, we should consider the required membrane area. The modeling in this work focuses on local
entropy generation. A real ED system, however, needs to remove a specific amount of salt. At small current
density (and salt fluxes), large membrane surfaces are required to remove a specific amount of salt. The
specific ED-stack power input is minimized at close to the lowest possible voltage, while the capital costs are
minimized at the highest possible voltage: the optimal operating voltage has to be determined through an
economic analysis, which factors in the price of electricity, the price of membranes, and other capital costs.
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7. Second-law efficiency
As shown in detail in Appendix A, the least work to take Js dA of salt from a concentrate of salinity SC
to a diluate salinity of SD can be written as:
W˙least = Js∆µs dA (15)
where Js is the salt flux and ∆µs is the difference in salt chemical potential between the concentrate and
diluate channels and is positive. The salt flux can be written as a function of the current density by defining
the current utilization rate, ξi, which, for a binary salt, is defined as
ξi =
FJs
i
(16)
which can at best be equal to 1.
We can then define a second-law efficiency as:
η =
W˙least
W˙electric
=
ξi∆µs
FVCP
(17)
where the actual work input is:
W˙electric = iVCP dA =
FJs
ξi
VCP dA (18)
From Eq. 17 we can also back out a ‘useful voltage’, which represents the voltage actually used for separation
rather than for overcoming losses:
Vuseful =
∆µs
F
= 2
RT
F
ln
γ±,CmC
γ±,DmD
(19)
where γ± is the mean molal activity coefficient, and m is the molality. This expression, like the Nernst
equation for electrodes, simply relates the required electric potential drop to the salt activities in the two
channels. The same expression can also be reached by setting the entropy generation in the membranes to
be zero. For each membrane, the driving force for the counter-ion is set to zero, which allows us to write
the required membrane potential drop as a function of the activities of the counter-ion in the two channels.
Summing the two membrane potential drops results in the expression for useful voltage reached above.
From Eq. 17, we can then define a voltage utilization rate, ξV , which is the ratio of the useful voltage to
the applied voltage:
ξV =
Vuseful
VCP
=
∆µs
FVCP
(20)
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The expression for efficiency can then be written as the product of the current and voltage utilization rates:
η = ξiξV (21)
Figure 11 shows the effect of the current density on the efficiency and on the current and voltage utilization
rates. The current utilization rate increases with increasing current density. This can be explained by looking
at the expression for salt flux as described by Fidaleo and Moresi [9]:
Js =
tsi
F
− Ls∆c (22)
where ts is the cell-pair salt transport number, with ts ≤ 1, and Ls is the permeability, which is a proportion-
ality constant for diffusion from the concentrate to the diluate. Both factors are independent of the current
density. The current utilization rate can be expressed as:
ξi = ts − FLs∆c
i
(23)
The current utilization rate starts with negative values at very low current density, and converges to ts as i
becomes large enough. When the concentration difference between the two channels is small, the salt flux
is directly proportional to the current density, and the voltage that results in no salt flux also results in no
current flow.
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Fig. 11: The effect of current density on efficiency, current utilization rate, and voltage utilization rate at: a) SD = 1 g/kg and
SC = 2 g/kg; and b) SD = 35 g/kg and SC = 70 g/kg.
Using the MS equations, it can be shown that the voltage losses in the channels (including the diffusion
films) and in the membranes (other than the useful voltage) are purely ohmic losses due to friction between the
different ions, the solvent, and the membranes. The diffusion film also adds to the resistance by reducing the
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concentration and conductivity in the diluate channel such that the additional resistance becomes significant
when the system is operating near the limiting current density.
Another type of voltage loss is the additional voltage that has to be spent above the useful voltage due to
concentration polarization. Concentration polarization results in a higher concentrate concentration next to
the membrane, cC,m, and a lower diluate concentration on the other side of the membrane, cD,m. As a result,
the minimum voltage that has to be applied to overcome this concentration difference, at zero current, is
then similar to the expression in Eq. 19, with the updated activities to reflect the concentrations just outside
the membranes. Figure 12 shows that there are no potential drops in the channels and films when there is
no current flow, and the useful voltage is the only potential drop.
The cell-pair voltage can then be written as the sum of the useful voltage, the ohmic losses, and the
contribution of concentration polarization described above:
VCP = Vuseful + rCPi+ 2
RT
F
ln
cC,mcD
cD,mcC
(24)
where it is assumed that the activity coefficients do not vary greatly with the concentration changes due to
concentration polarization. Equation 24 explains the variation of the voltage utilization rate with current
density. As shown in Fig. 11, the voltage utilization rate starts at a value of 1 when there is no net salt flux,
and decreases as the current density increases. In addition, the voltage utilization rate decreases faster in
the first case, where the concentrate and diluate salinities are lower and the cell-pair resistance is higher.
CEM CEMAEM AEMConcentrate ConcentrateDiluate Diluate
a b
Fig. 12: The electric potential profile for a diluate at 35 g/kg and a concentrate at 40 g/kg at: a) 0 A/m2; and b) 75 A/m2.
As shown in the first case presented in Fig. 11, when the concentration difference between the concentrate
and diluate channels is small, the current utilization rate increases rapidly and reaches a high value even at
low current density. A system with a small concentration difference can, therefore, achieve a high efficiency
when it is operated at low current density that is high enough to result in a high current utilization rate. By
comparing the two cases shown in Fig. 11, it is clear that the higher concentration difference requires going
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to higher current densities to achieve high current utilization rates. However, going to high current densities
decreases the voltage utilization rate, and, as a result, systems with a large salinity difference cannot achieve
high efficiency values regardless of the operating current density.
The expression for efficiency defined in Eq. 17 includes losses due to non-perfect current and voltage
utilization rates. A third type of loss that does not feature in Eq. 17 is that due to water transport, which
reduces the volume of the diluate and dilutes the concentrate. When the goal is to desalinate, the required
amount of diluate and its salinity are set. In this case, a system with significant osmosis and electro-
osmosis requires the desalination of a larger diluate stream, which translates into a larger work input to
remove a larger amount of salt, and a combination of larger channels (more electrical losses) and a larger
pumping requirement. When the goal is to concentrate a stream (for zero-discharge desalination or salt
production), this type of loss requires the removal of larger amounts of salt, which translates into higher
energy requirements.
McGovern et al. [5] included the effect of water flux in their definition of efficiency. In deriving our
definition of efficiency, we set salt removal as the goal of the energy input, whereas McGovern et al. [5] set
the change in free energy as the goal of the process. The effect of the water flux on the efficiency is similar
to that of diffusion: both are stronger when the concentration difference is larger, and both are independent
of current, and so their effect decreases with increasing current density.
Finally, we can relate efficiency to the rate of entropy generation:
η =
W˙least
W˙electric
=
W˙least
W˙least + T S˙gen, transport
(25)
where S˙gen, transport is the rate of entropy generation due to the transport in the direction perpendicular
to the membranes. In this expression, the viscous losses are not considered because we are looking at the
efficiency of the local separation process. The efficiency is maximized when the rate of entropy generation due
to transport is minimized. The effect of the current density on the efficiency, presented above, helps explain
the initial decrease in the rate of specific entropy generation at low cell-pair voltage shown in Fig. 10. At low
voltage (or current density), the low current utilization rate decreases the efficiency, and also increases the
specific rate of entropy generation. Hence, the voltage that minimizes the specific rate of entropy generation
due to transport is slightly larger than Vuseful, with higher concentration differences requiring larger voltages.
8. Using voltage drops to estimate losses
In this section, we link voltage drops to the entropy generation rate, and look into whether voltage drops
are a good approximation of losses. It has been shown in Section 4 that the volumetric entropy generation
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rate can be calculated as follows
s˙
′′′
gen =
∑
k
∇
(−µk
T
)
· Jk (9)
In the direction perpendicular to the membrane,
s˙
′′′
gen = −
1
T
(
J+
dµ+
dx
+ J-
dµ-
dx
+ Jw
dµw
dx
)
(26)
In the simple case where the concentrations do not vary with space, for example at a central location in
the channels outside the diffusion layer, we can write:
s˙
′′′
gen = −
F
T
(J+ − J-) dΦ
dx
= − i
T
dΦ
dx
(27)
Integrating along x, we get the entropy generation rate per unit area:
s˙
′′
gen = −
i∆Φ
T
(28)
In the absence of concentration gradients, diffusion and osmosis are also absent, and fluxes are only driven
by electro-migration and electro-osmosis. In these cases, all of the entropy generation is due to the current
flowing across an electric potential drop, as shown above. However, when osmosis and diffusion occur due to
chemical potential differences, more or less entropy is generated than that accounted for by only considering
the electric driving force. In the cases where the concentration gradient contributes positively to the driving
force (i.e., the gradient in the concentration increases the salt flux), the actual entropy generation rate will be
higher than that calculated using only the current. One such example is the diffusion layer, which enhances
the salt flux. The opposite happens inside the membranes, where the applied electric potential must overcome
the chemical potential gradient. In that case, the concentration gradient drives the salt from the concentrate
to the diluate, whereas the applied electric field drives the salt in the direction that desalinates the diluate.
The resulting entropy generation rate is then smaller than that predicted by just considering that generated
by the flow of current through a voltage drop.
Given that, for a specific location along the ED stack, the current density is the same in the membranes,
channels, and diffusion films, Eq. 28 can be used to convert a voltage drop to a rate of entropy generation.
In the following analysis, we look at whether voltage drops can be used to estimate the total local rate of
entropy generation. As described above, Eq. 28 captures the full rate of entropy generation only in the bulk
of the channels where there are no concentration gradients. Figure 13 shows that using the total voltage
drop in Eq. 28 does not result in a good approximation of the actual entropy generation rate in the films and
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membranes. This is consistent with the fact that not the entire voltage drop is necessarily a loss, such as in
the membrane, and not every loss is necessarily captured by the voltage drop, such as in the diffusion films.
In fact, the voltage drop across a membrane consists of a useful voltage drop and a voltage loss due to the
resistance of the membrane:
Vloss = V − Vuseful (29)
In the presence of concentration gradients, going from Eq. 26 to Eq. 27 involves neglecting the following
terms:
− 1
T
(
JcouRT
d ln acou
dx
+ JcoRT
d ln aco
dx
+ Jw
dµw
dx
)
(30)
where the subscripts ‘cou’ and ‘co’ refer to the counter-ion and the co-ion, respectively. As shown in Fig. 13,
neglecting all of these terms results in a poor estimate of the actual rate of entropy generation. By neglecting
the losses due to water transport (the third term in Eq. 30), and by assuming perfectly perm-selective
membranes, we can rewrite Eq. 26 as:
s˙
′′′
gen ≈ −
Jcou
T
dµcou
dx
(31)
and Eq. 28 as
s˙
′′
gen ≈ −
iVmod
T
(32)
where
Vmod =
∆µcou
zcouF
= ∆Φtotal +
RT
zcouF
∆ ln acou (33)
Equation 33 can be thought of as a generalized expression for Eq. 29, where the term ‘loss’ is dropped in favor
of the term ‘modified’ so that the same definition can be extended to the diffusion layer, where the modified
voltage, as defined in the equation above, is greater than the actual voltage drop because the concentration
gradient adds to the driving force.
As shown in Fig. 13, using the modified voltage drop results in much better matching with the total
entropy generation rate. However, when the concentration difference is large, osmosis and diffusion are no
longer negligible, and, as a result, even the modified voltage is not always a good approximation of entropy
generation. The expression only becomes acceptable at higher currents as the relative importance of osmosis
and diffusion is reduced. Generally speaking, this condition is achieved when the current utilization rate,
ξi, is close to 1. Using the modified voltage in general results in a good approximation of the losses in the
system, but it does not capture the water flux and the effect of diffusion on the ionic fluxes. Ideally, the full
expression of entropy generation should be used to guide the improvements of the system, but if a simpler
expression is required, only the modified voltage expression should be used because the actual voltage will
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result in poor estimates.
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9. Conclusions
In this paper, we have looked at entropy generation in an ED system and studied its variation with
salinity. The second-law efficiency was written as the product of current and voltage utilization rates. A
useful voltage was defined, and the different sources of losses were characterized. We also linked voltage drops
to entropy generation and investigated whether voltage drops can be used to approximate system losses.
The major conclusions from this work are the following:
1. At low salinity, most of the entropy is generated inside the fluid channels. In this case, efforts to
decrease energy consumption should be focused on transport in the channels.
2. At high salinity, most of the entropy is generated inside the membranes. Decreasing the membrane
electrical resistance is key to better performance at high salinity.
3. Thinner membranes can decrease entropy generation and energy consumption. However, thinner mem-
branes also decrease the resistances to diffusion and osmosis, which means that the overall effect is
beneficial only when the driving forces for these modes of transport are small, or when the membranes
are very resistant to the passage of co-ions and water.
4. At high enough current density, most of the entropy is generated from salt and water transport, and
not through viscous losses.
5. Given a specified volumetric flow rate, there exists an optimal channel height that minimizes the local
entropy generation from transport and viscous effects.
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6. Second-law efficiency is maximized, and specific entropy generation due to salt and water transport is
minimized, at a voltage slightly larger than the useful voltage, with higher concentration differences
requiring larger voltages. However, from a total energy efficiency perspective, the optimal voltage
should minimize total entropy generation, including that from viscous losses.
7. A modified voltage which approximates the complete driving force to salt transport should be used in
approximating entropy generation. These approximations are only valid at high enough current when
osmosis and diffusion become relatively less important.
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Appendix A. Derivation of least work
We can derive the expression for the least work required to remove salt from a low concentration to a
high concentration by studying the control volume shown in Fig. A.14. We assume that the amount of salt
removed is small enough to not result in a change in the salinities of the streams: Js dA N˙ . This condition
is required to be able to calculate the least work required for two specific salinities: cC and cD.
We can write the first law of thermodynamics for the control volume shown in Fig. A.14:
Js dA
(
h¯C − h¯D
)
= W˙ + Q˙ (A.1)
where Js dA is the amount of salt removed, h¯ is the molar specific enthalpy, W˙ is the work input, and Q˙ is
the heat input from a source temperature, T , equal to that of the system.
Concentrate
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 +	JsdA  − JsdA

Fig. A.14: Schematic diagram of the control volume used for calculating the least work required to transport Js dA of salt from
a stream of concentration of cD to a stream of concentration of cC.
We can also write the second law of thermodynamics:
Js dA (s¯C − s¯D) = Q˙
T
+ S˙gen (A.2)
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where s¯ is the molar specific entropy, and S˙gen is the rate of entropy generation.
We can multiply the second equation by the temperature, T , and subtract it from the first equation, and
get an expression for the work input as a function of the chemical potential difference, ∆µs, and the rate of
entropy generation:
W˙ = Js dA
[(
h¯C − T s¯C
)− (h¯D − T s¯D)]+ T S˙gen = Js dA∆µs + T S˙gen (A.3)
The smallest work input is required when there is no entropy generation:
W˙least = Js∆µs dA (15)
and
W˙ = W˙least + T S˙gen (1)
Appendix B. Numerical solution procedure
Given the applied voltage and the bulk concentrations in the diluate and concentrate channels, we can
calculate the ionic and water fluxes. The first step is to guess 5 fluxes in the cell pair: J+,CEM, J−,CEM,
Jw,CEM, J+,AEM, and Jw,AEM. The sixth flux, J−,AEM, can be calculated through conservation of charge:
i = F (J+,CEM − J−,CEM) = F (J+,AEM − J−,AEM) (B.1)
Given all the fluxes, we can use two independent MS equations inside each diffusion film to build the concen-
tration and electric potential profiles. The two MS equations can be rearranged, and, using the fourth order
Runge-Kutta method, the concentration profile can be calculated. The concentration profile and a second
combination of the MS equations can then be used to build the electric potential profile.
At the interface, we assume that each species that exists in both media is in thermodynamic equilibrium:
µmi = µ
s
i (B.2)
RT ln ami + ziFφ
m = RT ln asi + ziFφ
s (B.3)
The equilibrium equations for the cation and anion can be rearranged to give the following expression for the
Donnan potential:
∆φDonnan = φ
m − φs = RT
ziF
ln
asi
ami
(B.4)
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Equating the resulting Donnan potential for the two ions results in the following equations:
as+a
s
−
am+a
m−
= 1 (B.5)
cs+c
s
−
cm+ c
m−
=
γm±
2
γs±
2 (B.6)
where the activity coefficient inside the membrane, γm± , can be determined experimentally [14]. We note
that the activity coefficient is for the salt, and that there is no need for the activity coefficients of the
separate ions as the equation above only uses the product of the activities. Equation B.6 is combined with
the electroneutrality equation inside the membrane to calculate the concentrations of the two ions inside the
membrane.
Given the concentrations at the interface, Eq. B.4 is used to calculate the Donnan potential. The expres-
sions for the Donnan potential calculated using the anion and the cation are averaged:
∆φDonnan =
∆φDonnan,+ + ∆φDonnan,-
2
≈ 0.5RT
F
ln
cm−
cm+
(B.7)
This averaging helps in canceling out the activity coefficients of the separate ions by assuming that γ+ = γ−.
We can write three independent MS equations for each membrane because we have four species. As an
example, we write the MS equation applied to water:
− cw∇ ln aw = c+Jw − cwJ+
ctotÐw+
+
c−Jw − cwJ−
ctotÐw-
+
cmJw
ctotÐmw
(B.8)
where the left-hand side is the driving force associated with the water flux, and the right-hand side is the
sum of the friction forces acting on the water by the cation, the anion, and the membrane, respectively.
The concentrations are taken as the average of those on either end of the membrane, but just inside the
membrane. The gradient on the left-hand side is calculated as one difference between the two sides of the
membrane divided by the thickness of the membrane, without further discretization of the membrane.
The three MS equations can be rearranged, and one of the resulting equations can be used to calculate
the electric potential drop across the membrane, and the other two equations can be used as checks on the
guessed fluxes. In addition, we can calculate the difference between the set voltage and the sum of all the
voltage drops in the system, which should be set to 0. We have 2 MS equations in each membrane, and the
cell-pair voltage equation, totaling 5 equations where all the quantities are known. We can write these 5
equations in the form
f(J) = 0 (B.9)
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which is the function we need to solve by guessing the fluxes, J. The roots of the function, i.e. the correct
fluxes, are then calculated iteratively using MATLAB’s fsolve function.
Appendix C. System characteristics
Table C.2: The diffusion coefficients outside the membranes as reported by Kraaijeveld et al. [14]. Original data from Chap-
man [33] and Mills and Lobo [34]. c is the solution concentration in mol/m3.
Components Diffusivity [10−9 m2/s]
Na+, H2O 1.333
Cl−, H2O 2.033
Na+, Cl− 0.0015 c0.65
Table C.3: The diffusion coefficients inside the membranes (in 10−10 m2/s), measured and calculated by Kraaijeveld et al. [14].
Components 61 CZL 386 204 UZL 386
Na+, Cl− 0.24 0.19
Na+, H2O 3.12 0.75
Na+, Membrane 0.31 0.16
Cl−, H2O 1.81 5.12
Cl−, Membrane 0.31 0.51
H2O, Membrane 2.49 4.93
Table C.4: Membrane characteristics measured by Kraaijeveld et al. [14]. c is the solution concentration in mol/L.
Membrane property 61 CZL 386 204 UZL 386
Capacity [mol/m3 wet membrane] 1690 1827
Thickness [mm] 0.563 0.551
Density of wet membrane, ρm [kg/m3] 1167.5 - 7.5c + 7.5c2 1100.0 + 15.0c
Salt activity coefficient, γm± [-] 0.57 + 0.28c 0.56 + 0.29c
Water content [%] 30.17 - 0.83c 33.38 - 1.42c
Water concentration inside the membrane is calculated from the water content and membrane density
cmw =
%H2O× ρm
100Mw
(C.1)
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Appendix D. Thermophysical properties
The complexity of the model used increases greatly with the presence of additional species. For this reason,
it was decided to only model a binary salt. A solution of sodium chloride was chosen as the electrolyte because
experimental data on the diffusion coefficients and activity coefficient of sodium chloride inside the membranes
were found in the literature [14]. In addition, sodium chloride is the major component in seawater, and the
most recent property correlations of seawater [35] show close agreement with those of sodium chloride [36].
Further, sodium chloride serves as an acceptable substitute in estimating the properties of certain high-salinity
waters [37]. The properties of sodium chloride were taken from an implementation by Thiel et al. [37, 38] of
Pitzer’s equations [39–44]. The properties of that were used are the solution density, the activity coefficient,
and the water activity.
Appendix E. Validation of the model
The modeling procedure used in this paper is based on the work done by Kraaijeveld et al. [14, 45], which
also reports experimental results and measured diffusion coefficients. To validate our model with the reported
experimental results, we also modeled a solution of HCl-NaCl. Given that the electrode equations used in that
work were not very clear, we used the reported experimental values of the current density. Instead of setting
the cell-pair voltage, we set the current density to the experimental value. Given the experimental current
density, the model is used to determine the fluxes of the different ions and that of the water. This resulted
in very good matching between our model and the reported concentrations, as shown in Fig. E.15. The
variation of the concentrations with time is a direct result of all the fluxes, which means that the transport
through the membranes is modeled accurately.
Ideally, we should also be able to validate the resistance network by comparing the total calculated voltage
to that measured in the same experiments. However, given that this was not possible, this part of the modeling
was verified by comparing the film resistances to those calculated using experimental values of resistivity. In
addition, the membrane voltage difference is calculated from the MS equations used to determine the fluxes
through the membranes. Given that the fluxes through the membranes are predicted accurately, as discussed
above, we can safely assume that the calculated membrane voltage drop is also accurate, especially given
that the 3 MS equations in each membrane need to be solved simultaneously to get the fluxes, and two of
them need to be combined to result in the membrane voltage drop. For additional assurance, the calculated
membrane resistances were compared to typical values reported in the literature and were found to be within
the appropriate range.
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Fig. E.15: Validation of the model using experiments from the literature [45]. The symbols represent experimental values and
the solid lines represent the modeling results.
Appendix F. Pressure drop calculation
We can write the pressure drop inside the ED channel as
∆P = 4f
L
De
ρv2
2
(F.1)
The correlation by Kuroda et al. [23] is used to calculate the friction factor:
f = kfRe−
1
2 (F.2)
where kf is a spacer property also defined by Kuroda et al. De is the effective diameter defined as
De =
2hW (1− s)
h+W
(F.3)
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where h is the channel height and W is the channel width. Given that W  h
De = 2h (1− s) (F.4)
Re =
ρvDe
µ (1− s) =
2ρvh
µ
(F.5)
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